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1 Both Kernels Compute Flux Across Boundaries

Boththehydrodynamicskernel(basedon[CBSW98]) andtheChevronkernel[LTD99]
mainly consistof computingnormalsfor andflux acrosscell boundaries.Theal-
gorithmstepsconsistof

1. Computecell or subcell-centeredvalues.For theChevron kernel,usea set
of linear equationsto computethepressuregradient

���
for eachsubcell.

For thehydrodynamicscode,computethecell-centeredpressure.

2. Computethecells’ faces’outwardnormals.Thenormalsareperpendicular
to thecell facesandhave lengthsproportionalto thefaces’areas.

3. Computecornerfluxes ���� . Eachcorner correspondsto thespacespecified
by thecenter� of acell andoneof its vertices� . Eachcornerflux is amea-
sureof the amountof materialleaving thecell’s (outer)boundarythrough
this corner. The cell’s boundaryintersectsonly half of the corner’s faces.
(Thecornerflux caneitherbea scalaror vectorquantityso I do not know
thepropernomenclature.)

For theChevron kernel,thecornerflux ���� is	�
��� ��� ��� ��� ���� ��� ���
��
representsthepermeabilitytensorfor cell � . ��� ��� � representsthecon-

stantpressuregradientin the � - � corner.
�� ��� � representsthe sum of the

normalsof � - � corner’s facesthatintersectcell � ’sboundary.
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Figure1: Discretizedversionof /10�243 �65 �7 .

For thehydrodynamicskernel,thecornerflux is� � �� ��� �'�� � denotesthe(constant)pressurein thecell � .
As written above, eachcornerflux is a measureof the amountof mate-
rial leaving thecell’s (outer)boundarythroughthecorner. We presentthe
derivationfor Caramanaet al. [CBSW98], Eq. (7)8 � 5 �� �5:9<;>=@? 2A3 ����65CB ;>=ED 0%243 �65 �7 ;GF � � �� (7)

to illustrate why cornerfluxesare importantconcepts.The first equality
followsfrom integratingthetime-evolutionmomentumequationthroughout
a cell

B � centeredaround� . Green’s Theoremimpliesthesecondequality.H B � indicatestheboundaryof
B � .

Discretizationyields the last equality. Figure1 illustrateshow /�0�2 3 �I5 �7
is discretized.Each � ,� -cornerhasa constantpressure

� � . Insteadof inte-
gratingover theboundaryof

B � , normalsto eachfaceareconstructedwith
lengthsequalingtheface’s area.Thenegative signbeforethe integral sign
reversesthenormals’directions.
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Figure2: Thepreviousfigureredrawn to use � -centeredcoordinates.

Toeasecomputation,aswitchfrom � -centeredcoordinatesto � -centeredco-
ordinatesoccurs.SeeFigure2. Sinceparallelepipedsareused,thenew nor-
malsparallelthenormalsin Figure1 andhave thesamemagnitude.Since
thepressure

� � is assumedconstantthroughoutthecorner, thesum’s value
doesnotchange.

Figure3 indicatesthe resultof multiplying the corner’s pressurewith the
sumof thenormalsof eachcorner’s faces.Thus,eachcornerflux approxi-
matestheamountof materialleaving thecell’sboundarythroughthecorner.

4. Thecornerfluxesaresummed.In theChevron kernel,all cornerfluxesin
acell � aresummed.For thehydrodynamicsalgorithm,sumsof all corners
aroundvertices� andof all cornersarounda cell � areformed.In thelatter
sum,thedot productsof thecornerfluxesand � -centeredvelocitiesarethe
addends.

2 Implementing Flux Computations

2.1 Computing Corner Fluxes

Both algorithmscomputecornerfluxes,onefor eachintersectionof cell-centered
andvertex-centeredcells. We will usea cell-centeredfield with twice thegranu-
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Figure3: Addingeachcorner’s normalsyieldscornerfluxes.

larity in all dimensionsto storethesecornerfluxes.Wesaythisfield hastwice the
granularityandis finegrained.Whenwereferto acell in thecoarserfield without
specifyingits centering,assumeit is acell-centeredcell.

Thesecondalgorithmicstepis to computetheoutwardnormalsof eachcell’s
faces.A näıveimplementationwould independentlycomputeeachcell’snormals.
By construction,the facesof two adjacentcells arethe samebut have opposite
normalssowe canreducethecomputationby having eachcell computeonly its
normalsfor positive-dimensionfaces.Thesewould be storedin a face-centered
field. A face is a

5 =NM -D polytopethat is a subsetof a
5
-D polytope. Each

facecanbespecifiedby a dimensionanda positiveor negative indication.(Scott
Haney proposedcomputingthe area,not a normal, for eachpositive-dimension
face.Althoughsufficient for theChevron kernelwherecell verticesdo notmove,
verticesmove in thehydrodynamicscode.Thus,normals,not just areas,needto
becomputed.)

Insteadof directlycomputingcornerfluxes,werecommendcomputingcorner
normals. A corner normal is the sum of the normalsof a corner’s facesthat
intersectthe cell’s boundaries.Startingwith normalsin a face-centeredcoarse
field, we useaninterpolationoperatorto computea cell-centeredfiner field. For
eachcell in thefiner field, thesumof theincidentnormalsis computed:

cornerNormals = addNormals<2,Cell,AllFace>(normals);

The first two templateparametersof addNormals indicatethat the resulting
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field hastwice the granularityin all dimensionsand is cell-centered.The third
parametersaysthatthenormals field is face-centered.

For theChevron kernel,thecornerflux ���� is
	�
�O� �P� ��� ��� �Q�� ��� � . Theparen-

thesizedtermcanbestoredin a cell-centeredfine-grainedfield. To computethe
term,use

cornerFlux = dot(dot(replicate<2>(permeability), pressure-
Gradient),
addNormals<2,Cell,AllFace>(normals));

replicate<2>(permeability) forms a field with twice the granularity
wherevaluesareduplicatedin eachdimensionandthecenteringis thesame.The
otheroperationsareexplainedaboveor self-explanatory.

For thehydrodynamicskernel,thecornerflux
� � �� ��� � canbecomputedas

cornerForce = replicate<2>(pressure) *
addNormals<2,Cell,AllFace>(normals);

replicate<2>(pressure) formsa cell-centeredfield with twice thegran-
ularity wherevaluesare duplicatedin eachdimension. The secondoperandis
explainedabove.

2.2 Summing Corner Fluxes

For the Chevron kernel, the sumof all cornerfluxes in a cell � arestoredin a
cell-centered,coarse-grainfield.

fluxes = total<2>(cornerFlux);

The restrictionoperatortotal<2> sumsall cells in a fine-grainedfield corre-
spondingto onecell in a coarse-grainedfield, wherethe fine-grainedfield has
twice the granularityin every dimension.Sinceno centeringsarespecified,the
two fieldshave thesamecenterings.

For thehydrodynamicskernel,sumsof all cornerfluxesaroundvertices� are
formed. R ��%S ;GTVU.FVW �� S � XW (1)

Codefor this sumis
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velocityChange = constant1 * total<2,Vert,Cell>(forces);

As for addNormals above, the threeparametersindicatethat the input field
forces is cell-centeredand hastwice the granularity. The secondparameter
ensurestheresultingfield is vertex-centered.Sincetherearemorevertex-centered
valuesthancell-centeredvalues,onelayerof force’s guardcells is usedin the
computation.

Sumsof dot productsof cornerfluxesandvelocitiesarealsocomputed.RPY W ;>=ZT\[ F S �� WS �]��\^1_ Ua`�[S (2)

Correspondingcodeis

internalEnergy += constant2 * total<2>(dot(cornerForce,
replicate<2,Cell,Vert>(velocity + velocityChange)));

ThecornerForce field is cell-centeredsothereplicated field mustalsobe
cell-centered.Thevelocity sumfield is vertex-centered,asindicatedby thethird
templateparameter. Foreachvaluein acoarsevertex-centeredfield, theverticesin
thecorrespondingpolytopein a vertex-centeredreplicatedfield all have thesame
value.Thispolytope’s“smallest”vertex matchesthevertex in thecoarsefield. To
form a cell-centeredfield, shift all valueshalf aunit in negativedirections.

A Centerings

Whenthinkingaboutconvertingbetweencenterings,weneededto know possible
centeringsfor

5
-D polytopesandhow thenumberof centersasa functionof the

dimension
5
. We presenta consistentnotationfor andcountingof centeringsof

polytopesof variousdimensions.
A
5
-D polytope is recursively defined.A 0-D polytope is apointwith avertex

label of b\c . To form a
5
-D polytope,startwith a

	 5 =dM � -D polytopeandmake
a copy of it. In theoriginal, append0 to all vertex labels. In thecopy, append1
to all vertex labels.Connectverticeswith labelsdiffering only in thelastdigit to
form the

5
-D polytope.

Thenumberof verticesin a
5
-D polytopeis egf , asdemonstratedby thecon-

struction. By construction,verticeswith vertex labelsdiffering in one bit are
connectedby anedge.

6



Intuitively, centeringsaresymmetricallyplacedpointsin apolytope.For a3-D
polytope,thevertex-centeringconsistsof all vertex singletonsetsb\b'h:hihVckjlb'h:h M ckjlb'h M hVckj�b'h M:M ckjlb M h:hVckj�b M .
An edge-centeringhasonepointat thecenterof eachedge.Eachedgeis specified
by two adjacentvertices.Thesetwelvecenteringsinclude b'hih:hmj4h:h M c , b'h M hmjnh M:M c ,b'h:hihmj4h M hCc , b'h:h M j4h M:M c . Therearesix face-centerings,eachspecifiedby four ver-
tices. For example, b'h:h:hmj4h M hmj M hihmj M:M hCc and b'hih M j4h MiM j M h M j M:M:M c arefaces.The
onecell-centeringis specifiedbyall eightvertices: b'h:h:hmjnh:h M j4h M hmj4h MiM j M h:hVj M h M j M:M hmj M:MiM c .

To specifycenteringsfor a
5
-D polytope,we will usestringsof ‘c’ and‘v’

charactersandhaving
5

length.For example,in a3-D polytope,thecenteringsare

vvv vertex-centered
vvc, vcv, cvv edge-centered
vcc,cvc,ccv face-centered

ccc cell-centered.

Thestringsarerecursively constructed.An emptystringcorrespondsto anempty
set.Appendinga ‘v’ doublesthenumberof sets,appending0 to thevertex labels
of all elementsin the first setsand1 to all elementsin the secondsets. Thus
the numberof connections‘c’ betweensetsis not increased.Appendinga ‘c’
duplicatestheelementswithin a setby appending0 to half of theelementsand1
to thecopies.Thus,thenumberof verticesconnectedtogetherto form theunit,
e.g.,edgeor face,is doubledbut thenumberof setsremainsthesame.

Forexample,“vvc” is theset b\b'h:hihmj4h:h M ckjlb'h M hmjnh M:M ckjlb M h:hmj M h M ckjlb MgM hmj MgM:M c\c .
Sincetheone‘c’ is in the o -dimensionposition,thesetconsistsof edgestravers-
ing the o -direction,i.e., verticaledges.Thetwo “vcc” facesb'h:h:hmjnh:h M j4h M hmj4h MiM c
and b M h:hmj M h M j M:M hmj M:M:M c connectverticesin p - and o -directionsso they are the
“ q -faces”of acube.

All stringswith thesamenumbersof ‘c’sand‘v’ sarecommonlygroupedinto
acentering.Thatis, orderingof ‘c’sand‘v’ s is ignored.

Usingthesestrings,wecancountthenumberof centeringsandthenumberof
pointswithin a centering.Sincethereare

5sr M waysto form order-independent
length-

5
stringsof ‘c’sand‘v’ s,thereare

5tr M centeringsfor a
5
-D polytope.“vv�u�l� v” is calledavertex-centering.“cc �u�u� c” is calledacell-centering.Stringsof

‘v’ s with exactly one‘c’ specifyedgecenterings.Stringsof ‘c’s with exactly one
‘v’ specifyfacecenterings.Thatis, a faceis a

5 =vM polytope.
The numberof units in a centeringis w fx � x y e x � x M x � x , where z �{z and z �kz indicate

thenumberof ‘v’ s and‘c’s in thestring. Thenumberof verticesin sucha unit isM x � x e x � x . For example,thenumberof facesis e 5 , while thenumberof verticesis egf .
Thefacesincident to aparticularvertex arethosefacesthatcontainthatvertex.
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