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Abstract

We proposeaddinginterpolationand restrictionoperatorsto map be-
tweenfiner and coarsergranularityfields. Implementedas field stencils,
theseoperatorswouldeaseuseof fieldswith differentgranularitiesasdemon-
stratedin aPooma2.4hydrodynamicskernelandin multigrid methods.

1 Interpolation and Restriction Operators

CurrentlyPoomafield operationssupportonly operandswith the samegeome-
tries.To supportaPooma2.4hydrodynamicskernelandmultigrid techniques,we
proposeaddinginterpolationandrestrictionoperatorsto mapbetweenfieldswith
finer andcoarsergranularities. Implementedasstencils,theseoperatorswould
permitcleancodingof thehydrodynamicskernelusingPooma2.4. It would also
expandthesetof modelsthatPoomasupportsincluding,e.g.,multigrid methods.
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Figure1: Interpolationandrestrictionoperatorsconvertbetweencoarserandfiner
grainedgrids.
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A hydrodynamicskernelimplementingCaramanaet al. [CBSW98] usestwo
staggeredgrids,oneshiftedhalf a cell up andover. Althoughall physicalvalues
arestoredin thesetwo grids,bothwith thesamegranularity, e.g., 35463 , interme-
diatecomputationsarepresentedin andmosteasilywrittenusinggridswith twice
thegranularity, e.g., 78394:783 . Informationfrom the ;:4<; fields is interpolated
to 7=3>4?783 fields, computationsareperformedat the finer granularity, andthen
informationis summarized,usuallyby summing,to restrictbackto 3@493 fields.

In anotheruseof interpolationand restrictionoperators,multigrid methods
solve differential problemsby solving problemsby first solving problemson
coarsegrids and then repeatedlyrefining the solution on finer grids [BHM00,
BM87, ST82]. For example,to solve a differentialequationA�BDCFE for B , the
algorithmis

1. Constructaninitial guessBHG .
2. ComputeremainderI G�J E GLK A G B G .
3. Interpolateto afinergrid: ENM G�JPO M GG I G .
4. Approximatelysolve A�M G BHM G CQENM G for BHM G .
5. Modify theguessB G�J B GSRTOUGM G BHM G .
6. GotoStep2.

Thesuperscripts3 and 7=3 indicatethegrid granularitieswith 783 finer than 3 . The
algorithmworksby first computingtheremainder, interpolatingto a 783V4W783 finer
grid usingtheinterpolationoperatorO M GG . After solvingtheresultingequation,the
resulton thefinegrid is restrictedbackto the 3X4@3 coarsegrid usingarestriction
operatorO GM G .

2 Operator Use in a Hydrodynamics Kernel

To demonstratetheuseof interpolationandrestrictionoperatorsin Poomacode,
wepresentrelevantportionsof thehydrodynamicskernel.

1. Givenacell-centeredpressuredensityfield andavertex-centeredcoordinate
field bothwith 3Y4Z3 grids,themassesof a 783Y4Z783 finer-graincell-centered
field arecomputed.
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Figure2: Replicatingvaluesjust copiesthem.
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Figure3: Interpolatingvaluesusesaverages.

masses = replicate<2>(pressureDensity) *
computeVolumes(interpolate<2>(coordinates));

Herereplicate<2>(pressureDensity) producesatwo-dimensional
field with twice the granularityfor bothdimensionsby copying eachcell-
centeredpressureDensity value into its four associatedcells in the
finer grid. Sincetheoperatorsdo not specifyany centerings,the input and
outputfieldsareassumedto have thesamecenterings.

interpolate<2>(coordinates) also producesa two-dimensional
field with twice the granularityfor both dimensionsbut, insteadof copy-
ing eachcoordinates value,it producesvaluesin thefiner grid by in-
terpolatingbetweenthe two closestcoordinates entries. The com-
puteVolumes field stencil (not an interpolationor restrictionoperator)
computesthe volumeof eachcell. Finally, the fields returnedby the two
operationsaremultiplied.

2. Thetotal restrictionoperatoreasescomputingthemassof eachcell and
eachvertex.

cellMass = total<2>(masses);
vertexMass = total<2,Vertex,Cell>(masses);
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Figure4: Restrictingby summingcells.

Theserestrictionoperatorsmapfrom a two-dimensionalfield to onewith
half the granularityfor both dimensionsby assigninga valueequalto its
four associatedvaluesin the finer grid. SeeFigure4. Computingvertex
massesconvertsfrom acell-centeredfield to avertex-centeredfield sothese
centeringsarespecifiedin the operator. Computingcell massesdoesnot
convertbetweencenteringssothesearenotspecified.

3. Computingthe four cornerforcesin eachcell requiresa moderatelycom-
plicatedinterpolationformula.

normals = computeNormals(coordinates);
forces = replicate<2>(pressure)
* addNormals<2,Cell,AllFace>(normals);

computeNormals usesthe cell-centeredcoordinates field to com-
putethe faces’normals.This operator, not an interpolationnor restriction
operator, demonstratestheneedfor operatorimplementationsto beableto
referto valuesin fieldswith differentcenterings.

The secondline illustratesthe needfor programmersto be able to add
their own program-specificinterpolationoperatorssuchasaddNormals.
Givena face-centeredfield of normals,this operatorformsa finer grained
field with eachcell-centeredvaluewith thesumof incidentnormals.

4. Thecornerforcesareusedin two differentcomputations.

velocityChange = constant1 * total<2,Vert,Cell>(forces);
internalEnergy += constant2 *
total<2>(dot(forces,

replicate<2,Cell,Vert>(velocity + velocityChange)));
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Thefirst computationsumsthe four forcesaroundeachvertex, illustrating
thatcell-centeredvaluescanberestrictedto avertex-centeredvalueif spec-
ified astemplateparameters.Thesecondcomputationreplicatesthesumof
two vertex-centeredfields into a cell-centeredfield. Thenit sumsthe dot
productof thesevaluesusingthetotal restrictionoperator.

Thissamplecodeillustratestheneedfor

s anability to easilyaddcustominterpolationandrestrictionoperators,

s supportfor only integralchangesto dimensions,and

s operatorsthatdealwith differentcenterings.

Not illustratedis therequirementthattheuser, notthecompiler, ensuresthatfields
assignedvalueshave thepropersize,anassumptionthatPoomaalreadymakes.

To supportdimension-independentcodeandto easeimplementation,interpo-
lation and restrictionoperatorsmodify all dimensionsby the sameamount,an
amountspecifiedby a templateparameter. Mathematically, differentmultipliers
for different dimensionsare possible,but supportingthis might requirean ex-
ponentialnumberof operatordefinitions. Specifyingby a templateparameter
permitsPoomato producedata-parallelexecution.

2.1 Semantics of Operators with Different Centerings

The input fields of several operatorshave differentcenteringsthanthe resulting
output field. We specify these operators’ semantics. For example,
total<2,Vertex,Cell>(masses) operateson thecell-centeredmasses
to form avertex-centeredfield by summingthevaluesof incidentcellsTo usethe
operator, theprogrammermustensurethatthereis at leastonelayerof guardcells
aroundtheinput field. Thisguardlayerensuresthatall verticesobtainingavalue
areinterior verticeswith 7ut surroundingcells.

To computethe normalsusing computeNormals(coordinates) re-
quirescomputingface-centeredvaluesusing vertex-centeredvalues. Thus, we
needa notationfor a face’s incidentvertices.Thenotationmustpermiteasydif-
ferentiationof facesonoppositesidesof thepolytopesothenormalscanpoint in
theproperdirection.I do notknow how to implementit.

Summingincidentnormalsin addNormals<2,Cell,AllFace>(normals)
indicatesthe needto determinefacesincident to a cell. Given a coarse-grained
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face-centeredfield, a finer-grainedcell-centeredfield is created. Each 7 t cells
form onecoarse-grainedcell with theassociatedfaces.

To computetheinternalenergy, weuse

internalEnergy += constant2 * total<2>(dot(cornerForce,
replicate<2,Cell,Vert>(velocity + velocityChange)));

ThecornerForce field is cell-centeredsothereplicated field mustalsobe
cell-centered.Thevelocity sumfield is vertex-centered,asindicatedby thethird
templateparameter. Foreachvaluein acoarsevertex-centeredfield, theverticesin
thecorrespondingpolytopein a vertex-centeredreplicatedfield all have thesame
value.Thispolytope’s“smallest”vertex matchesthevertex in thecoarsefield. To
form a cell-centeredfield, shift all valueshalf a unit in negativedirections.Since
thereareverticessurroundingall cells,thereis no needfor guardlayers.

3 Implementing the Operators

To implementinterpolationandrestrictionoperators,we proposeextendingfield
stencils.Theheartof afield stencilis its functioncall operator(). A declaration
for a two-dimensionalreplicate operatorcouldbe

template <unsigned xOffset, unsigned yOffset>
operator()(const F & f, int fx, int fy) const;

Theoperator’sargumentsareafield referencef andapoint v fx w fy x in thefield.
If theoperatoris to producea grid with twice thegranularity, thefour arguments
for the templateparameterswill be y 0 w 0 z , y 0 w 1 z , y 1 w 0 z , and y
1 w 1 z . Usingtemplateargumentspermitscompile-timespecialization,which is
necessaryfor interpolate.

Restrictionoperatorswould alsobeimplementedusingfield stencils.Instead
of applyinga field stencil,e.g.,total<2>, at eachpoint in a fine-grainedgrid,
thestencilwould beappliedto every, e.g.,2, locationsin eachdirection.For ex-
ample,it would beappliedto positions v�{|w}{~x�w�v/7|w}{8x�w�v'��w}{~x�w������Hw�v
{�w�78x�w�v/7|w}78x�w������ .
Thisstridewouldbestoredin thestencil.

4 Default Operators

Default restrictionoperatorsthatPoomashouldsupportinclude
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sum total valuesin thesectioncorrespondingto onecoarsegrid point
prod multipleof all valuesin thesection
max maximumof all valuesin thesection
min minimumof all valuesin thesection
all booleanandof all (boolean)valuesin thesection
any booleanor of all (boolean)valuesin thesection

bitAnd bitwiseandof all valuesin thesection
bitOr bitwiseor of all valuesin thesection

average averageof all valuesin thesection
Default interpolationoperatorsthatPoomashouldsupportshouldinclude

replicate copy valuefrom coarsegrid point to all correspondingpoints
interpolate eachvalueis theaverageof its two closestcoarse-gridpoints
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